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OPEN GROMOV-WITTEN INVARIANTS AND BOUNDARY
STATES
VITO IACOVINO
Abstract. In this note we show how Kontsevich-Soibelman algebra arise nat-
urally in Open Gromov-Witten theory for not compact geometries.
1. Introduction
Let M be a Calabi-Yau three-fold and L be a maslov index zero lagrangian
submanifold ofM . Open Gromov-Witten invariants for the pair (M,L) are defined
in general in [8] and are the natural mathematical counterpart of the partition
function of the A-model Open Topological String introduced by Witten in [11].
If L is compact Open Gromov-Witten invariants are defined as rational num-
bers. In the not compact case Open Gromov-Witten invariants are more suitable
interpreted as elements of a vector space. This statement is analogous to the one
in Topological Field Theories, where for a manifold L with ∂L = Σ, the partition
function of L defines a vector on the space of boundary states defined quantizing
the theory on Σ × R. According to [11], the relevant TFT for the A-model Open
Topological String is the Chern-Simons theory living on L corrected by Wilson
loops associated to the boundary of open holomorphjc curves of (M,L). We are in-
terested to abelian chern-simons theory, that corresponds to consider a single brane
wrapped on L. Thus, the partition function of Open Topological string of (M,L)
defines a state of the quantization of the abelian Chern-Simons on Σ×R ( [1], [2],
[3]).
In [8] it is introduced the multi-curve homologyMCH and it is proved that Open
Gromov-Witten invariants are naturally interpreted as elements of MCH0. In this
paper we consider more closely the structures arising from MCH for not compact
geometries. We assume that L has cylindrical ends, that is, we assume that outside
a compact set L is diffeomorphic to Σ×R , for some riemmanian surface Σ. We also
assume suitable convexity properties at infinity in order to assure that the moduli
space of pseudo-holomorphic curves is compact.
In this introduction for simplicity we assume that the symplectic form of M is
exact, this condition is removed in the paper. The case if exact Calabi-Yau is how-
ever important in mirror symmetry (see [12] for a discussion related to this paper).
Under this assumption we can identify the topological charges Γ of holomorphic
curves with H1(L,Z). We shall be interested to configuration of (multi-) curves
with topological charge in the lattice
(1) Γflavor = Im(H1(Σ,Z)→ H1(L,Z)).
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It can be argued (see Section 1.2) that all the configurations of (multi-)curves giving
a not trivial contribution to the partition function of topological string must have
topological charge in Γflavor.
In this paper we consider formal power series with coefficients in MCH0 of the
formal parameter gs, usually called string coupling. For our aim we need to consider
a suitable subspace ofNMCH0 that we call the space of coherent statesNMCH
coh
0 ,
that can be thought as the space generated by framed links in MCH0. This space
is strictly related to the quantization of the first homology group H1(L,Z). Denote
by H the infinite direct product of the NMCHcoh0 (γ):
H =
∏
γ∈Γflavor
NMCHcoh0 (γ).
A simple variant of the argument of [8] shows that open Gromov-Witten invariants
for the pair (M,L) are defined as a vector in H:
(2) Ψ ∈ H
For each γ ∈ Γflavor, Hcoh(γ) is a one dimensional vector space. The choice of
an isomorphism Hcoh(γ) ∼= Q involves the choice of a frame of L, that is maximal
isotropic sub-lattice F ⊂ H1(Σ,Z) ( this notion is a straightforward extension of
[7]). In particular this defines rational numbers invariants using a variant of linking
number between pairs of curve that depends on F . The wave function:
ΨF (x) =
∑
γ∈Γflavor
LinkF (Zγ)xγ .
We stress that the wave function ΨF depends on the choice of a frame, instead the
vector Ψ in (2) does not depend on it.
To the homology H1(Σ,Z) with the standard intersection form 〈•, •〉 it is asso-
ciated the quantum Kontsevich-Soibelman algebra
g =
⊕
γ∈H1(Σ,Z)
Q[q
1
2 , q−
1
2 ]eˆγ
with product defined by
eˆγ1 eˆγ2 = q
〈γ1,γ2〉
2 eˆγ1+γ2 for γ1, γ2 ∈ H1(Σ,Z).
We show that there exists a natural representation on H of the quantum KS
Kontsevich-Soibelman algebra g with
q
1
2 = −e
gs
2 .
1.1. Quantization of Moduli of A-branes. An A-brane is defined by a la-
grangian sub-manifold L and an abelian flat connection of L. The moduli space
of A-branes is locally modelled on H1(L,C), where the real part can be viewed
coming from the moduli of the deformations of the Lagrangian and the imaginary
part defines a flat U(1) connection on L.
Let M be the moduli of A-branes at up to compact deformations (this cor-
responds to the space of the theories of the associated 3d-supersymmetric gauge
theory (see Section 1.2)). The isomorphism of vector spaces
(3)
H1(L,C)
H1comp(L,C)
∼= (Ker{H1(Σ,C)→ H1(L,C)})
⊥
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identifies M locally with the lagrangian submanifold of H1(Σ,C) (as before we
denote by Σ the boundary at infinity of L) defined by the equations for ξ ∈ H1(Σ,C)
given by
(4) 〈ξ, γ〉 = 0 for each γ ∈ Ker{H1(Σ,C)→ H1(L,C)}.
We propose that the vector Ψ defined in (2) provide the natural quantization of
M as subspace of of the quantum torus P associated to H1(Σ,C):
eˆγ1 eˆγ2 = q
〈γ1,γ2〉eˆγ2 eˆγ1 for γ1, γ2 ∈ H1(Σ,C).
We can think P as the deformation quantization of the complex symplectic space
(H1(Σ,C), 〈•, •〉.
By lemma 14 the vector Ψ satisfies a set if equations
Aα(eˆγ)Ψ = 0 for 0 ≤ α ≤
1
2
dim(H1(Σ,C))
where the Aα are polynomials in the eˆγ and q±
1
2 , Aα ∈
∏
γ Z[q
± 1
2 ]eˆγ .
The operators Aα are the quantization of the classical equations (4), including
the quantum corrections due to holomorphic curves with boundary on L (see the
proof of lemma 14).
1.2. Relation with 3d Gauge Theories and String Theory. In string theory,
to the pair (M,L) considered in this paper, it is associated a 3d N = 2 supersym-
metric gauge theory engineered by wrapping M5-branes on L. In [2] it was argued
that the partition function of this gauge theory is related to the partition function
of the Open Topological String of the pair (M,L) and that it defines a boundary
state of the abelian Chern-Simons theory leaving on L.
The boundary states are defined quantization the abelian Chern-Simons on Σ×R.
The problem reduces to the finite quantum mechanical system on the space of U(1)
flat connections on Σ. The classical phase space is given by the Jacobian J(Σ) of
Σ. To each γ ∈ H1(Σ,R), the holonomy along γ defines a function
φγ : J(Σ)→ S
1
exp(2πiφγ(A)) = Holγ(A).
The symplectic form on J(Σ) is defined by the bracket
{φγ , φγ′} = 〈γ, γ
′〉.
After quantization the φγ becomes self-adjoint operators that satisfy the relations
φγ1+γ2 = φγ1 + φγ2
[φγ1 , φγ2 ] = igs〈γ1, γ2〉.
From this the exponentials
Uγ = exp(iφγ)
satisfy the quantum Kontsevich-Soibelman algebra:
Uγ1Uγ2 = q
〈γ1,γ2〉
2 Uγ1+γ2 ,
with
q
1
2 = −e
g
2 .
Accordind to [2], the open topological string should defines a state of this vector
space. In [8] we provide the general mathematical definition of Open Topological
String defining rational invariants that are the natural mathemat
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to the partition function of the open topological string defined by Witten in [11]
(see the introduction of [8]). The localization formula of Witten defines a measure
on the moduli space of flat connections in terms of Feymann diagrams. The rational
invariants defined in [8] are the natural mathematical formalization of the integral
on the moduli space of his measure. In the not compact case, instead to integrate
on the full moduli space of flat connections, we integrate on the moduli space of
flat connections with a fixed asymptotic condition at infinity. This means that we
integrate on the moduli of extension on L of a fix a connection on Σ, that is a fiber
of the map
(5) Hom(H1(L,Z), U(1))→ Hom(H1(Σ,Z), U(1)).
The same argument of [8] shows that
γ gives a not trivial contribution⇔ γ ∈ Γflavor.
The integral define a function on a lagrangian subspace of H1(Σ,Z) that can be
identified with a state of abelian Chern-Simons on Σ×R. More precisely it defines
an unbounded state. These state are generated acting with the operators Uγ on
the unbounded state Ω0 defined by the equations
φγΩ0 = 0 for each γ ∈ K.
In this paper we do not use the metrics of the hilbert space, and we provide a formal
definition of these states.
2. Multi-Curve Homology
Let L be an orientated 3-manifold. In [8] is introduced the multi-curve homology
of L, and showed that Open-GromovWitten invariants for a pair (M,L) (M Calabi-
Yau 3-fold and Lmaslov index zero lagrangian) take place naturally inMCH0. It is
a simple algebraic lemma thatMCH0 can be computed in terms of a much simpler
homology group that was called in [8] nice multi-curve homology NMCH0. In spite
of its simplicity, this result is very powerful since it would be basically impossible
to construct an element of NMCH0 directly from the moduli space of curves. We
now review the definition of NMCH0, that is very simple.
For each positive integer k fix
• A set H(k) of cardinality 2k,
• An involution σ : H(k) → H(k) without fixed points. Let be E(k) the set
of orbits of σ.
We first define a set of generators of the space of nice multi disk 0-chain C0,k.
Fix the following data:
• for each h ∈ H(k) a one dimensional current γ˜h with [γ˜h] = γ that can be
represented by a simplicial 1-chain.
Assume that the support of γ˜h and γ˜σ(h) are disjoint for every h ∈ H(k). We can
moreover put a further restriction that the γ˜h are a small perturbation of a fixed
link of L. This point will be of small importance in this paper, since as in [8] we
shall be primarily interested to homolomogy classes γ that have trivial intersection
pairing with H2(L,Z).
Then consider
(6)
∏
h∈H(k)
γh
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as a current of dimension 2k in LH(k). The space of nice multi disk 0-chain C0,k
is the vector space of linear combination on Q of chains of type (29) modulo the
actions of group Aut(H(k), σ).
The vector space of nice multi curve 1-chains C1,k is generated by isotopies of
(29). Fix {t→ γh(t)}h∈H(k),t∈[a,b] and assume that {t→ γh(t)} and {t→ γσ(h)(t)}
cross transversally for a finite number of t. Then consider
(7) {t→
∏
h∈E(k)
γh(t)}
as a current of dimension 2k+1 in LH(k). The space of nice multi disk 1-chain C1,k
is the vector space of linear combination on Q of chains of type (30).
Define the linear map
∂ : C1,k → C0,k
inducted by the usual derivative on the space of currents. Moreover there is a linear
map
δ : C1,k → C0,k−1
defined by the intersection with the big diagonals associated to elements of E(k)
(see [8]). Define Cˆd = ⊕kCd,k, for d = 0, 1. The nice multi-curve homologyNMCH0
is defined as the cokernel of the linear map
∂ˆ = ∂ + δ : Cˆ1 → Cˆ0.
In this paper we assume that L is homological trivial in H3(M,Q) and we fix a
4-chain K such that
(8) ∂K = L.
The four chain K is fixed and is omitted in the statements below.
Theorem 1. ([8]) LetM be a Calabi-Yau three fold, and L be a lagrangian subman-
ifold of M of maslov index zero. Assume suitable convexity properties at infinity
in order for the moduli space of pseudo-holomorphic curves be compact. Fix a spin
structure σ on L. To each β ∈ H2(M,L) and χ ∈ Z≤1, from the moduli space of
holomorphic curves it is associated an element Zβ,χ ∈ NMCH0(∂β) that depends
only by the pair (M,L, σ) and it is independent on the complex structure and other
choice we made to define the Kuranishi Structure.
2.1. Algebraic Description. Assume also that L has cylindrical ends and fix a
diffeormosphism of L with (−∞, 0]× Σ outside a compact set.
As in [8], the space of topological charges Γ is defined as the relative homology:
Γ = H2(M,L,Z).
For β ∈ Γ define the set of pairs
Pβ = {(γ˜, γ˜
′)|[γ˜] = [γ˜′] = ∂β}/ ∼
where ∼ is the equivalence relation generated by isotopies of the pair of curves that
do not cross each other.
Let Vβ the Q vector space of formal finite linear combinations of elements of Pβ:
Vβ = ⊕p∈PβQvp.
Let Q[g−1s , gs]] be the Q-vector space of the Laurent series in the formal variable
gs. Consider
Hβ = [g
−1
s , gs]]⊗Q Sym(Vβ)/ ∼
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where ∼ is the equivalence relation generated by
(9) (γ˜1, γ˜
′
1) = (γ˜2, γ˜
′
2) + 1
for every (γ˜1, γ˜
′
1) and (γ˜2, γ˜
′
2) related by an isotopy with exactly one positive cross
and no other crossing.
Define the space of coherent states Hcohβ as the space generated by the elements
of Hβ of the form
[g−1, g]]⊗Q 〈exp(
1
2
gv)〉
for v ∈ Vγ .
Proposition 2. As in Theorem 1, to each β ∈ Γ it is associated an element
Zβ ∈ Hcohβ .
Proof. The proposition follows imposing in the argument of the proof Theorem 1
an extention of the coherenze onMCH . In the definition of forgetful compatibility
of MCH we impose that the fa,h depends on h only throughout π(h). That is, for
each G, there exist {fa,v, f ′a,v}v∈V (G) such that
fa,h = fa,π(h), fa,h′ = f
′
a,π(h) for every {h, h
′} ∈ E0.
This condition can be maintained in the inductive steps of the proof of NMCH0 ∼=
MCH0. 
2.2. Skein U(1). To a framed Link K it is associate an element of MCHcoh0 :
(10) K → ZK := exp(
1
2
g(γ, γ′))
where γ = K and γ′ is a small perturbation of K that we get moving K in the
direction of the frame.
Denote by K+1 the framed link we get twisting of +1 the frame of K. From
relation (9) we have:
(11) ZK+1 = exp (−
gs
2
)ZK .
Consider an isotopy of K crossing at a point. Denote by K+ the framed link
overcrossing and by K− framed link undercrossing. Let K0 be the only link ob-
tained by removing the crossing point in the only orientation-preserving way. Let
Z+, Z−, Z0 be the corresponding elements ofMCH
coh
0 as in formula (10). Relation
(9) implies
(12) Z+ = exp (
gs
2
)Z0
and the equivalent relation Z− = exp (
−gs
2 )Z0.
From relation (11) and (12) it follows that the map (10) defines a linear map
between the abelian skein Skein(L) (the quantum deformation of the H1(L,Z) )
and NMCHcoh0 . Since any isotopy (30) is equivalent to a composition of isotopies
of coherent states and of operations (11), (12) we actually get an isomorphism:
Skein(L) ∼= NMCHcoh0 .
Thus Proposition 2 implies the following
Corollary 3. To each β ∈ Γ, is associated an element of the U(1) skein Skein(L)
that is independent on the complex structure or any other choice we made to define
the Kuranishi structure.
OPEN GROMOV-WITTEN INVARIANTS AND BOUNDARY STATES 7
Remark 4. In [8] we have considered moduli space of multi-curves associated to
decorated graphs of fixed euler characteristic χ. This has led to the skein U(1). If
consider graphs with fixed number of boundary components also, we are leading to
the Hompflypt skein. We do not consider this generalization in this paper because we
do not need it. Observe however that in the important case of conifold transition of
[10] the not abelian case can be reconducted to the abelian case considering parallel
links (these invariants are also a special case of the invariants defined in [7]).
3. Boundary States and Kontesevich-Soibelman algebra
Define the Kontesevich-Soibelman algebra associated to the geometry (M,L) as
follows. Let
Q : H1(Σ,Z)→ H1(L,Z)
be the obvious map inducted by the inclusion Σ→ L. Define
(13) ΓKS = {(γ, β) ∈ H1(Σ,Z)× Γ| ∂β = Q(γ)}
endowed with the skew-symmetric pairing
〈•, •〉 : ΓKS × ΓKS → Z
given by
〈(γ1, β1), (γ2, β2)〉 = 〈γ1, γ2〉,
where in the right side we have used the usual intersection pairing of H1(Σ,Z).
The quantum Kontsevich-Soibelman algebra
(14) g =
⊕
(γ,β)∈ΓKS
Q[q±
1
2 ]eˆγ,β
with the product defined by
eˆγ1,β1 eˆγ2,β2 = q
〈γ1,γ2〉
2 eˆγ1+γ2,β1+β2 .
The parameter q is a formal parameter that in this paper shall be related to the
string coupling gs by
q
1
2 = −e
gs
2 .
Define the subgroup of Γ of flavor charges as
Γflavor = {β|∂β ∈ Im(Q)}.
Observe that Γflavor is the image of ΓKS in Γ of the projection (γ, β) 7→ β.
The space of boundary states H is defined by the infinity product
H =
∏
β∈Γflavor
Hcohβ .
In the following of this section we define a representation of g on H. In order to
do this first for each (γ1, β1) ∈ ΓKS define the map
(15) eˆ′(γ1,β1) : Pβ → Pβ+β1 .
as follows. For a given (γ˜, γ˜′) ∈ Pγ , let T ∈ R>0 big enough such that γ˜ and γ˜
′
have support outside (−∞,−T )×Σ. Let γ˜1, γ˜′1 curves on L with such that γ˜1 have
support on {t1} × Σ , γ˜′1 have support on {t
′
1} × Σ, for some t1, t
′
1 < −T , t1 6= t
′
1
and [γ˜1] = [γ˜
′
1] = γ1 on H1(Σ,Z). Define
(16) eˆ′(γ1,β1)(γ˜, γ˜
′) = (γ˜ + γ˜1, γ˜
′ + γ˜′1) ∈ Pβ+β1 .
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Observe that it does not depend on the choice of γ˜1, γ˜
′
1, and in particular on the
choice of t1, t
′
1 < −T .
Lemma 5. Fix β ∈ Γflavor. For each k ∈ Z there is natural shift map
sk : Pβ → Pβ .
This defines a transitive and faithful action of Z on Pγ .
Proof. For (γ˜, γ˜′) ∈ Pγ and k ∈ Z let e {γ˜(t)}t∈[0,1], {γ˜
′(t)}t∈[0,1] be isotopies of
curves on L such that
• γ˜(0) = γ˜ , γ˜′(0) = γ˜′
• the pair (γ˜(t), γ˜′(t)) cross transversally for finite numbers of t ∈ [0, 1]
• the number of cross, counted with sign, is equal to k.
Define
(17) sk(γ˜, γ˜
′) = (γ˜(1), γ˜′(1))

It is straightforward to check that eˆ′γ1,β1 commutes with the action of Z defined
in (17), and therefore the linear map (15) induces a linear map
(18) eˆ′(β1,γ1) : H
coh
β → H
coh
β+β1 .
Lemma 6. For γ1, γ2 ∈ Γ we have
eˆ′(β2,γ2) ◦ eˆ
′
(β1,γ1)
= s〈γ1,γ2〉 ◦ eˆ
′
(β1+β2,γ1+γ2)
.
Proof. For γ˜1, γ˜
′
1, γ˜2, γ˜
′
2 defined as above, with t1, t
′
1, t2, t
′
2 < −T , we have
(γ˜ + γ˜1 + γ˜1, γ˜
′ + γ˜′1 + γ˜
′
2) =
{
eˆ′γ2 ◦ eˆ
′
γ1
(γ˜, γ˜′) if max{t2, t
′
2} < min{t1, t
′
1}
eˆ′γ2+γ1(γ˜, γ˜
′) if max{t′1, t
′
2} < min{t1, t2}.
Thus eˆ′γ2 ◦ eˆ
′
γ1
(γ˜, γ˜′) and eˆ′γ2+γ1(γ˜, γ˜
′) are related by an isotopy that interchange the
order of t′1 and t2. The result follows from the definition of the Z-action of Lemma
5. 
From Lemma 6 below it follows that
(19) eˆ′(β1,γ1)eˆ
′
(β2,γ2)
= exp(gs
〈γ1, γ2〉
2
)eˆ′(β1+β2,γ1+γ2).
3.1. Spin Structures and Quadratic Refinements. Relation (19) is the same
we have used in the definition the quantum Kontsevich-Soibelman algebra (14)
except for the sign. To fix the sign we need to take in account the dependence on
the spin structure.
Recall that the space of Spin structures on L is a principal homogenous space
on H1(L,Z2). For ǫ ∈ H1(L,Z2), we denote by ǫσ the spin structure we get from
the action of ǫ on the spin structure σ ∈ Spin(L):
σ 7→ ǫσ, for σ ∈ Spin(L).
Open Gromov-Witten invariants depends on the choice of σ, the element Zβ
changes as
(20) Zβ 7→ ǫ(∂β)Zβ for Zβ ∈MCH(∂β).
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The representation of the Kontsevich-Soibelman algebra defined in (18) is com-
patible with (20) only up to sign:
(21) eˆ′(γ,β) ◦ ǫ = ǫ(∂β)ǫ ◦ eˆ
′
(γ,β).
We now want to correct the sign of eˆ′γ in order to get rid of the sign factor ǫ(γ) in
the right side of (21).
Recall that a quadratic refinement of the intersection pairing of H1(L,Z) is a
map σ : H1(Σ,Z)→ Z2 such that
σ(γ1)σ(γ2) = (−1)
〈γ1,γ2〉σ(γ1 + γ2).
There is transitive action of H1(Σ,Z2) on the set of quadratic refinement defined
by
σ(γ)→ (−1)ǫ(γ)σ(γ)
for ǫ ∈ H1(Σ,Z2).
A classical result of Atiyah states that there exists a one-to-one correspondence
between spin structures on Σ and quadratic refinement
spin structures on Σ←→ quadratic refinement of (−1)〈·,·〉
that is compatible with the action of H1(Σ,Z2) on both the sides.
Thus to a spin structure on L we can associate a quadratic refinement σ using
the chains of maps:
Spin(L)→ Spin(Σ)→ quadratic refinement of (−1)〈·,·〉.
Define
(22) eˆ(γ,β) = σ(γ)eˆ
′
(γ,β).
instead of (21), the action of eˆγ commute with the action of H
1(L,Z2):
eˆ(γ,β) ◦ ǫ = ǫ ◦ eˆ(γ,β).
From (19) follows that
Proposition 7. The operators defined in (22) define a representation of the quan-
tum Kontsevich-Soibelman algebra (14).
3.2. Boundary States from KS algebra. Let D be the infinitity dimensional
vector space
D =
∏
(γ,β)∈ΓKS
Q[gs, g
−1
s ]]eˆ(β,γ).
Observe that D carries a natural left and right action of ΓKS .
Let
K = Ker{H1(Σ,Z)→ H1(L,Z)}.
Proposition 8. There is a natural isomorphism of vector spaces
(23) Q : D/
∑
(γ,β)∈ΓKS),γ∈K
(D(eˆ(γ,β) − 1))→ H,
that is compatible with the representations of the Kontevich-Soibelman algebra of
both the sides.
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Proof. Let Ω0 ∈ H be the unit element in degree β = 0. By definition we have
eˆγ,βΩ0 = Ω0 if γ ∈ K.
Thus we have a well defined linear map
g→ H
given by
eˆγ,β 7→ eˆγ,βΩ0.
To see that is actually an isomorphism we define the inverse as follows. For β ∈
Γflavor let
exp(γ˜, γ˜′) 7→ exp(−Linkf (γ˜, γ˜
′))eˆ(f,β)
where f ∈ H1(Σ,Z) is such that Q(f) = γ. From Lemma 11 it easy to check that
the map does not depend by f . 
4. Frames and Wavefunction
For not compact L, the definition of Open Gromov-Witten invariants as rational
numbers involves the choice of a frame of L ( see [7] ). Denote by Q the obvious
map
Q : H1(Σ,Z)→ H1(L,Z).
Define
K = ker(Q).
In [7] is considered the case L = S1 × R2, where Σ = S1 × S1 and K = Z. The
frame is defined as an element f ∈ H1(Σ,Z) = Z × Z such that f and K span
H1(Σ,Z). It is observed that a frame f defines a linking number on L, and thus
leads to rational numbers invariants.
The generalization of the notion of frame for general L and Σ is straightforward
and is given by the following lemma:
Lemma 9. Let β ∈ Γflavor, and fix f ∈ H1(Σ,Z) such that Q(f) = ∂β. There
exists a unique map
(24) Linkf : Pβ → Z
such that
(25) Linkf (sk(v)) = Linkf (v) + k for v ∈ Pβ , k ∈ Z
and
Linkf (f˜ , f˜
′) = 0.
Here we are using the same notation as in (18): f˜ and f˜ ′ are curves on the
collar at infinity of L, with [f˜ ] = [f˜ ′] = f . f˜ has support on {t} × Σ , f˜ ′ has
support on {t′} ×Σ, for some real numbers t, t′ such that t 6= t′ < 0. As in [7], the
lemma follows easily from the fact that the intersection pairing between H2(L,Z)
and Γflavor vanishes.
From (35) it follows that the map (24) induces a linear map
Linkf : Hβ → Q.
From Theorem 1 we have
OPEN GROMOV-WITTEN INVARIANTS AND BOUNDARY STATES 11
Proposition 10. To each class β ∈ Γflavor and f ∈ H1(Σ,Z) such that Q(f) = ∂β,
is associated a rational invariant
Linkf (Zβ)
that does not depend on the complex structure or other choice we made to define
the Kuranishi structure.
The rational number depends on the choice of f . However the dependence is
deducted by the following easy lemma:
Lemma 11. For f1, f2 with Q(f1) = Q(f2) = γ, we have
Linkf1 = Linkf2 + 〈f1, f2〉
Proof. The lemma follows from the uniqueness property stated in Lemma 9. 
So far we have considered the classes β ∈ Γ independently. To define the wave-
function as in [3] we need to fix frame of L.
Definition 1. A frame of L is a maximal isotropic sublattice F of H1(Σ,Z).
Remark 12. The lattice F is not necessarily transverse to K, that is we do not
assume that F → H1(L,Z) is surjective. This is in accord with the definition in
three-dimensional gauge theory ([3]).
For v ∈ Pγ define:
LinkF (v) =
{
Linkf (v) if f ∈ F such that Q(f) = γ,
0 if γ /∈ Q(F ).
Observe that in the first case, Linkf (v) is well defined, that is does not depend on
f with Q(f) = γ. This follows from Lemma 11 and the fact that F is isotropic.
Introduce formal variables {xβ}β∈Γ, so that
xβ1+β2 = xβ1xβ2 .
and collect the elements Zβ in a formal sum:
Z =
∑
β∈Γflavor
Zβ(gs)xβ .
The wavefunction is defined as:
ΨF (x) = LinkF (Zβ)xβ .
Alternatively we can use the frame F in order to define a compactification Lc
of L reducing the problem of define rational invariants to the context of [8] ( this
is the usual approuch used in physics in the context of three dimensional gauge
theories. See for example [2], [3]). The compact manifold Lcomp is such that the
cycles that are contractible at infinity are given by L. This can be defined easily
as a gluing along Σ
Lc = L ∪Σ L
′
where L′ is a three manifold such that F = Ker{H1(Σ)→ H1(L′)} (L′ can be easily
constructed from Σ filling the cycles of F ). In particular we have
(26) H1(Lc,Z) = H1(L,Z)/Q(F ).
For (γ˜, γ˜′) ∈ Pγ , denote by LinkLc(γ˜, γ˜
′) the linking number considering the
curves as curves on Lc.
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Lemma 13.
LinkLc = LinkF .
Proof. Let f ∈ F such that Q(f) = γ in H1(L,Z). The definition of linking number
on compact manifold implies directly that LinkLc(f˜ , f˜
′) = 0. Thus the result follows
from Lemma 9. 
We conclude that the two approaches are essentially equivalent.
4.1. Integrality. In this subsection as in the introduction we assume for semplicity
that the Calabi-Yau M is exact. Assume now that we fixed a frame F that is
transversal toK. The charge factorization implies that there exist rational numbers
{a(γ)}γ∈F (depending on F ) such that
Ψ =
∏
γ∈F
exp(a(γ)eˆγ)Ψ0.
We say that the {a(γ)}γ∈F satisfies the Ouguri-Vafa integrality if there exists
integer numbers Nγ,j ∈ Z such that
(27) a(γ) =
∑
n
N γ
n
,j
qnj
n(q
n
2 − q−
n
2 )
.
where for each γ ∈ F and the sum run over n such that γ
n
∈ Γ. Observe that the
integrality (27) is compatible with the change of frame.
Lemma 14. If the Ooguri-Vafa integrality (27) holds the vector Ψ quantum equa-
tions:
AαΨ = 0
with
Aα ∈
∏
γ
Z[q±
1
2 ]eˆγ for 0 ≤ i ≤ g.
Proof. This space can be identified with the set of equations:
(eˆγ − 1)Ψ0 = 0 for each γ ∈ K,
that are the quantization of the classical equations defining K ⊂ H1(Σ,C), xγ =
0 for each γ ∈ K.
Defying
Sγ,j = exp(
∑
n
qn(j+
1
2
n(qn − 1)
eˆnγ)
we have
Ψ =
∏
γ∈F,j
(Sγ,j)
Nγ,jΨ0.
A simple computation shows that
Sγ,j eˆγ0S
−1
γ,j =


eˆγ0
(∏|〈γ1,γ2〉|
k=1 (1 + q
j− 1
2
+keˆγ)
)
if 〈γ, γ0〉 > 0
0 if 〈γ, γ0〉 = 0
eˆγ0
(∏|〈γ1,γ2〉|
k=1 (1 + q
j+ 1
2
−keˆγ)
)−1
if 〈γ, γ0〉 < 0.
From this the lemma follows.

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5. Semiclassical Limit
In this section we study the limit for gs → 0 of the structure defined before. This
limit is described by the multi-disk homology introduced in [9].
To the abelian group ΓKS as in (13), we associate the semiclassical Kontsevich-
Soibelman Lie algebra
gcl =
⊕
(γ,β)∈ΓKS
Qe(γ,β)
with Lie bracket
[e(γ1,β1), e(γ2,β2)] = (−1)
〈β1,β2〉〈β1, β2〉eβ1+β2 .
We now define a representation of the algebra gcl in terms of multi-disk-homology
introduced in [9] and we show that this can be considered in the natural way as
the semiclassical limit of the representation defined in Proposition 7. We start
reviewing the definition of multi-disk homology.
An element of (nice) multi-disk homology is defined by a set
(28) {(γ˜v, βv)}v∈V
of pairs (γ˜v, βv) where βv ∈ Γ and γ˜v is a one dimensional current that can be
represented as a smooth simplicial chain, and ∂βv = [γ˜v] in H1(L,Z). We assume
that the support of the {γ˜v}v∈V do not intersect pairwise.
To the data (29) we associate a nice multi-disk chain W{(γ˜v ,βv)}v∈V of dimension
zero defined by
(29) W{(γv ,βv)}v∈V (T ) =
∏
h∈H(T )
γ˜π(h).
for each tree T with V (T ) = V .
The space of one dimensional nice disk chains are described by isotopy of (28).
Namely
(30) {(γ˜v(t), βv)}v∈V,t∈[0,1]
where we assume that the γv(t) can intersects transversally for finite numbers of t.
We then have:
Lemma 15. The nice multi-disk homology is the formal vector space generated by
elements (28) modulo the equivalence relation:
(31) {(γ˜v, βv)(1)}v∈V − {(γ˜v, βv)(0)}v∈V =
=
∑
t
∑
{v1,v2}∈V
(γ˜v1∩γ˜v2 )t({(γ˜v(t), βv)}v∈V \{v1,v2}∪{(γ˜v1(t)+ γ˜v2(t), βv1+βv2)})
for any {(γ˜v(t), βv)}v∈V,t∈[0,1] as in (30).
For a (γ, β) ∈ ΓKS we now define a linear map
e′(γ,β) :MDH0 →MDH0.
In terms of the data (28) this is simply given by
(32) e′(γ,β) : {(γ˜v, βv)}v∈V 7→ {(γ˜v, βv)}v∈V ∪ {(γ˜, β)}
where γ˜ is representative of γ with support in (−∞,−T )×Σ for T big enough such
that every γ˜v has support in the complementary of (−∞,−T )× Σ.
14 VITO IACOVINO
The operators ( 32) define a representation of gcl with the wrong sign. To correct
the sign we consider as before the dependence on the spin structure and define
e(γ,β) = σ(γ)e
′
(γ,β).
Proposition 16. Formula (32) defines a representation of gcl.
In order to explain in what sense the structure defined above is the semiclassical
limit of the quantum structure defined in the preview sections it is necessary to
think MCH in terms of decorated graphs ( [8]). The definition of MCH of [8]
in terms of graphs works for both connected or unconnected graphs. The MCH
we have given in section 2 can be considered as a sum over all the unconnected
graphs. To understand the semiclassical limit is more suitable to work in terms
of connected graphs. Denote the multi-curve homology associated to connected
graphs by MCHcon. We consider elements of MCH that can be written as
(33) Z(gs) = exp(
∑
β,χ
g−χs Wβ,χ)
with Wβ,χ ∈MCHcon. In particular we have that Wβ,1 ∈MDH0(β). Define
Wdisk =
∑
β
Wβ,1.
Proposition 17. The operators {e(γ,β)}(γ,β)∈ΓKS are the semiclassical limit of
{eˆ(γ,β)}(γ,β)∈ΓKS in the sense that
(eˆ(γ,β)Z(gs))Z(gs)
−1 −−−→
gs→0
e(γ,β)Wdisks
as elements in MCH.
Proof. The term eˆ(γ,β)Z(gs) can be expressed as a sum over decorated graphs (con-
nected or not-connected) with exactly one special vertex defined by (γ, β) with
χ = 0. If we factorize the connected component containing the special vertex, we
get the sum over the connected graphs containing the special vertex times Z(gs).
Thus the leading terms of the left hand side are the trees with the special vertex,
that are weighted by g0s . 
The same construction as [8] allow to associate to the moduli space of curves an
element Wβ,χ in MCH
con for each β ∈ Γ and χ ∈ Z≤1, so that the formula (33)
hold for the Z considered in section 2.
5.1. Disk Potential. In this section we assume that
H2(L,Q) = 0.
Under this assumption given a frame F as in the preview section we can associate
rational numbers invariants to MDH . In order to do this we need the following
simple extension of Lemma 9. For γ1, γ2 ∈ Γflavor set
Pγ1,γ2 = {(γ˜1, γ˜2)|[γ˜1] = γ1, [γ˜2] = γ2, γ˜1 ∩ γ˜2 = ∅}/ ∼
where ∼ denote the equivalence relation inducted by isotopy.
Observe that the definition of sk in lemma (5). extend naturally to a map:
sk : Pγ1,γ2 → Pγ1,γ2 .
Using this we have the following extension of Lemma (9):
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Lemma 18. For each γ1, γ2 ∈ Γflavor there is a unique map
(34) LinkF : Pγ1,γ2 → Z
such that
(35) LinkF (sk(γ˜1, γ˜2)) = LinkF (γ˜1, γ˜2) + k for v ∈ Pγ , k ∈ Z
and
LinkF (f˜1, f˜2) = 0.
Where, for some real numbers t1, t2, f˜1 has support on {t1} × Σ , f˜2 has support
on {t2} × Σ, and [f˜1], [f˜2] ∈ F as elements of H1(Σ,Z).
Define the linear map
LinkF :MDH0 → Q
using
(36) LinkF ({(γ˜v, βv)}v∈V ) =
∑
T
∏
(h1,h2)∈E(T )
LinkF (γ˜π(h1)γ˜π(h2))
where the sum is taken over all the trees T with V (T ) = V .
Lemma 19. The mapl (36) is well defined.
Proof. The result follows from the definition observing that the linking number
defined in Lemma 18 is linear in the arguments:
LinkF (γ˜1, γ˜2 + γ˜3) = LinkF (γ˜1, γ˜2) + LinkF (γ˜1, γ˜3).

Define the disk potential as:
U(x) =
∑
β
LinkF (Wβ)xβ .
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